By means of three dimensional high-resolution hybrid simulations we study the properties of the magnetic field spectral anisotropies near and beyond ion kinetic scales. By using both a Fourier analysis and a local analysis based on multi-point 2nd-order structure function techniques, we show that the anisotropy observed is less than what expected by standard wave normal modes turbulence theories although the non linear energy transfer is still in the perpendicular direction, only advected in the parallel direction as expected balancing the non-linear energy transfer time and the decorrelation time. Such result can be explained by a phenomenological model based on the formation of strong intermittent two-dimensional structures in the plane perpendicular to the local mean field that have some prescribed aspect ratio eventually depending on the scale. This model support the idea that small scales structures, such as reconnecting current sheets, contribute significantly to the formation of the turbulent cascade at kinetic scales.
I. INTRODUCTION
In-situ measurements of solar wind plasma and electromagnetic fields show spectra with power-laws scaling spanning several decades in frequency, f [e.g. [1] [2] [3] . Power-laws support an interpretation in terms of turbulent fluctuations, although the rich variety of spectral features is not easily explained in the framework of known turbulent theories and phenomenologies.
For frequencies corresponding to the magnetohydrodynamic (MHD) range, 10 −4 Hz f 10 −2 Hz at 1 AU, spectra of the magnetic field, the ion bulk velocity, and the electric field are dominated by the transverse components with respect to the ambient magnetic field B 0 . Magnetic fluctuations typically show a Kolmogorov-like spectrum (i.e., having the -5/3 slope), while the velocity field power is slightly shallower (typically close to -3/2) [e. g. [4] [5] [6] [7] [8] and strongly coupled which electric field fluctuations [9] as expected in the ideal MHD regime.
At higher frequencies, f 10 −1 Hz, corresponding to length scales approaching typical ion kinetic scales, a change in the nature of the self-similar spectra of the fluctuations is * Department of Physics, Imperial College London, London SW7 2AZ, UK. observed. Near these scales, a spectral transition (break) appears in the magnetic field fluctuations, separating the MHD inertial range from a second, steeper, power-law interval at kinetic scales. The spectral index of magnetic fluctuations after the break varies between (−4, −2) [e. g. [10] [11] [12] , although it tends to cluster around a slope of −2.8 for higher frequencies [13, 14] . At those scales, the ion bulk velocity decouples from magnetic field fluctuations and its spectrum shows (if any) an even steeper power-law slope [e.g. 15]; on the contrary, the electric field spectrum is shallower at sub-ion scales [16, 17] and becomes dominant over the magnetic field power, with a typical spectral index around −0.8 [e.g. 18, 19] , consistent with the scaling predicted by the generalized Ohm's law [20] . What ion characteristic kinetic scale is the most relevant in determining the position of such transition has not been clearly identified, although observational evidences [21, 22] and numerical simulations [23] suggest that it is likely related to the larger between the ion inertial length and the ion gyroradius for extreme values of the the plasma beta and to a combination of both in the intermediate-beta regime. At ion kinetic scales, also the nature of the compressible fluctuations changes: an increase of the magnetic compressibility [24, 25] and a reduced variance anisotropy [26] are observed; the density, while it follows a Kolmogorov spectrum at MHD scales, shows a flattening near the break [27] , to then be strongly cou-pled to the magnetic field fluctuations at sub-ion scales [28] .
An important aspect is how the cascade toward small scales proceeds with respect to the parallel and perpendicular component of a DC magnetic field. At fluid scales, threedimensional (3D) numerical simulations [e. g. [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] have highlighted the role of spectral anisotropy in the formation of the MHD turbulent spectra, including the case when the role of the radial expansion is taken into account [41, 42] . In particular several numerical simulations [e. g. 31, 32] have shown that spectra tend to organize themselves in the so called critical balance state [43] [44] [45] in which the cascade proceeds by transferring energy only to scales where the non-linear interactions of eddies are faster than the linear propagating time of the normal modes of the fluid system. At such scales this balance predicts that energy is transferred mostly in direction perpendicular to the (local) mean field following a Kolmogorov cascade, while the parallel spectrum should decrease as k −2 and, as a consequence, the two-dimensional (2D) spectral anisotropy should scale as k ∝ k 2/3 ⊥ . Observations seem to confirm to some extent that such energy transfer occurs in the solar wind plasma [7, [46] [47] [48] .
The critical balance argument can be extended to the kinetic (sub-ion) scales, provided that one uses the electronvelocity eddy turn-over time as the relevant non-linear time and takes into account the dispersive nature of the fluctuations in this regime. Regardless of the normal mode used, either low-frequency strongly-oblique propagating Kinetic Alfvén Waves (KAW) [49] or quasi-parallel high-frequency whistler modes [50] , standard wave-wave interaction models of turbulence predict a k −7/3 ⊥ scaling at sub-ion scales, and a further increase of the spectral anisotropy as k ∝ k
1/3
⊥ with a steeper (than MHD scales) parallel spectrum ∝ k −5 . A magnetic power decreasing as k −7/3 has indeed observed in several simulations using electron MHD [e. g. [50] [51] [52] [53] [54] , Hall MHD [55] and girokinetic models [56] and numerical evidences of the critically balanced scaling k ∝ k 1/3 ⊥ have been reported by Cho and Lazarian [53] .
Steeper magnetic field spectra, ∝ k −2.8 ⊥ , in good agreement with solar wind observations, have been reproduced in girokinetic [57] simulations where the steepening (with respect to the -7/3 prediction) was attributed to electron Landau damping. Using a frequency analysis TenBarge and Howes [58] found that these simulations are in agreement with a k ∝ k 1/3 ⊥ anisotropy scaling, although a perpendicular spectrum steeper than k −7/3 ⊥ should lead to a significant stronger anisotropy. Indeed, the critical balance condition both at MHD and kinetic scales can be written as k ∝ k ⊥ b(k ⊥ ), with b(k ⊥ ) being the magnetic fluctuations amplitude at the scale k ⊥ ; as the spectrum is steeper, b(k ⊥ ) is steeper and the anisotropy increases. For a spectral slope of the magnetic power
and the critical balance predicts k ∝ k 0.1 ⊥ . In this Kolmogorov-like phenomenological model only a slope −7/3 is consistent with the scaling
Retaining the effects of linear ion and electron Landau damping, models [59] and numerical simulations [60, 61] predict a strong variability of the slope in the perpendicular spectrum together with an increase in the spectral anisotropy in the sub-ion range. Such variability is correlated with the ratio between the non-linear energy transfer time and the propagation/damping properties of low-frequency highly-oblique electromagnetic waves (the Kinetic Alfvén waves). Some variability of the magnetic energy slope has been reported also in 2D [62] and 3D full pic simulations [63] . However Hellinger et al. [64] , analysing the properties of the 3rd order structure functions in 2D high resolution numerical simulations at low and moderate values of the plasma β, have shown that the sub-ion scales electromagnetic field power can be reasonably well described by an inertial (i. e. dissipativeless) Hall-MHD range. Moreover, fluid 2D Hall-MHD simulations, where kinetic damping effects are not taken into account, has been able to produce spectra steeper than −7/3 in extremely good agreement with analogous hybrid pic simulations and observations [65] .
Several 3D numerical simulations investigating sub-ion scales have highlighted the role of coherent structures and intermittency in characterizing the turbulent cascade and its dissipation [e. g. [66] [67] [68] . Boldyrev and Perez [69] have shown that, if at small scales, energy is concentrated in spatially localized structures, the spectrum of magnetic fluctuations steepens following a −8/3 power law [see also 70] , the anisotropy should follow a k ∝ k 2/3 ⊥ , and the parallel spectrum a −7/2 power-law. Meyrand and Galtier [71] , in the framework of EMHD, report a similar perpendicular scaling but a steeper parallel spectrum, ∝ k −5 , consistent with a turbulence cascade driven merely by a 2D dynamic. More recently, [72] reported 3D hybrid Vlasov simulations where parallel and perpendicular spectra are qualitatively consistent with the model proposed by [69] at β p = 1 while steeper slopes are observed for a lower value of the proton plasma beta (β p = 0.2). Alternatively, Franci et al. [73] , by analyzing the spectral properties of a high-resolution hybrid PIC simulation able to cover almost two decades in k-vectors, found that the spectral anisotropy, though large in the inertial range, becomes frozen in the sub-ion range following a k ∝ k ⊥ scaling. A similar observation have been reported by Arzamasskiy et al. [74] .
In this work we present results from a high-resolution hybrid (fluid electrons, kinetics protons) 3D Direct Numerical Simulation (DNS) of freely-decaying turbulence in presence of a mean magnetic field. This simulation is very similar to that described in Franci et al. [73] , but uses a very high spatial grid resolution to focus on the spectral anisotropies at sub-ion scales. Fourier spectra show a transition near the ion scales and the simulation is able to produce a well defined spectrum in the kinetic range over more than one decade. A closer inspection of the magnetic and the density spectra shows that the spectral anisotropy with respect to the mean field stops to increase near the ion scales but the turbulence cascade still proceeds essentially in the perpendicular direction. A local analysis, using the multi-point 2nd-order structure function technique confirms that the anisotropy is frozen also with respect to the local mean field. Such result can be understood assuming that at ion scales energy is mostly contained in intermittent coherent structures whose characteristic filling factor follows a prescribed scaling, generalizing the model proposed by [69] . This seems to be consistent with models [75] [76] [77] [78] and numerical simulations [79] which show that current sheets actively participate in the formation of the turbulent cascade.
II. NUMERICAL SETUP
We employ the hybrid particle-in-cell (HPIC) code CAMELIA (Current Advance Method Et cycLIc leApfrog), where the electrons are considered as a massless, charge neutralizing fluid, whereas the ions (protons) are described by a particle-in-cell model and are advanced by the Boris scheme (see Matthews [80] for detailed model equations). Units of mass, lenght, and time are the ion (proton) mass m i , its inertial length d i and the inverse of its gyroradius 1/Ω i . We use 512
3 collocation points in a spatial cubic grid with resolution ∆x = ∆y = ∆z = 0.0625 d i and 2048 particle per cell (ppc) representing ions. Accumulation of energy at small scales is prevented adopting a resistivity coefficient
i . The ions are advanced with a time step ∆t = 0.00625 Ω −1 i , while the magnetic field B is advanced with a smaller time step ∆t B = ∆t/10. The initial condition consists of a uniform and neutral density plasma n = n i = n e , a uniform magnetic field directed along z, B 0 = B 0ẑ , where species have isotropic and equal temperatures, T i = T e . The relative strength of the thermal and field pressure is measured in term of the ion (electron) plasma beta, β i,e = 8πnK B T i,e /B 2 0 , K B being the Boltzmann's constant. The setup of the simulation is similar to that shown in [73] : Decorrelated, Alfvénc like fluctuations, initially isotropic in the kvector range 0.20 < kd i < 0.80, perturb the initial condition and are left to decay. The energy is equally partitioned between velocity and magnetic field with B rms /B 0 ∼ 0.38, the electron and proton temperatures are the same β e = β i = 0.5. The analysis here reported has been performed at the maximum of the turbulent activity, t = t max ≡ 36 Ω −1 i , when the current density rms reaches its peak [73] . The maximum of turbulent activity time here is less than the simulation shown in Franci et al. [73] , simply because the energy is injected from the beginning at smaller scales. Anyway rms and physical quantities evolve in a very similar manner.
III. RESULTS
An overview of the spectral properties of the simulation is shown in Fig. (1) where we report the magnetic (top) and density (bottom) power spectra as a function of the perpendicular (solid) and parallel (dashed) k-vectors. The original spectra, shown as dotted lines in each panel are post-processed to clean them from numerical noise accumulated at small scales in a way similar to that shown in [73] : we set to zero the amplitude of each 3D Fourier mode which is below a given noise threshold and all the modes whose wave-number modulus is larger than a defined cut-off k cf . Here the noise level has been choses as 10 −11 and the cut-off is k cf = 2k max /3 170k 0 with k 0 = 2π/L x and k max the Nyquist wave-vector. For both fields, the spectra reduced in the perpendicular direction show a well defined −3 power law in almost one-decade for kd i < 1. At large scales the filtered and unfiltered are superimposed while the filtering procedure allow to extend the slopes significantly in the high k-vector region. As expected, for both fields, at all scales the parallel reduced spectrum is subdominant with respect to the perpendicular counterpart, meaning that a spectral anisotropy is formed; however its power-law is the same of the perpendicular reduced spectrum, meaning that the spectral anisotropy produced at large scales
To understand the reduced 1D power spectra it is useful to analyse the axisymmetric 2D spectra. In Fig 2 the 2D reduced spectrum of the magnetic fluctuations in log-log scale is reported. At large scales a spectral anisotropy is developed with the power mostly confined in the region k ⊥ > k . At higher wave-vectors, k ⊥ d i 1, this anisotropy appears to remain almost constant and most of the power seems confined in a region k ∝ k ⊥ (highlighted with the dashed white-line here used only as reference). Such behaviour is different from the spectral anisotropy (k ∝ k 1/3 ⊥ ) predicted by the critical balance conditions in KAW or Whistler mediated turbulence [49, 53] and also to that proposed by [69] where a spectral anisotropy k ∝ k frozen (constant aspect ratio) the iso-levels are almost independent of k meaning that the energy transfer occurs essentially in the perpendicular direction. To better elucidate this, cuts with k = const of the 2D reduced spectra are shown in the bottom panel of Fig. 2 . For small value of k , they have a significant level of energy at small value of k ⊥ with different slopes. On the other hand, at approximately k ⊥ d i = 2 they all collapse and follow the same power-law which is well approximated by P At the lowest level of approximation, the 2D magnetic power spectrum at small scales can be described as a spectrum that is almost independent on k and bounded by the condition k ⊥ ≤ Ck α and where each perpendicular spectrum at constant
Such model produces a reduced perpendicular spectrum k α−β ⊥ while the parallel spectrum is k (1−β)/α . If we now assume α = 1 and β = 4 we obtain the same power-law −3 for both perpendicular and parallel spectra. Within this a model one should observe β = 10/3 if the spectral anisotropy was the one proposed by [69] (α = 2/3) while β = 6/3 is the powerlaw required to obtained the reduced spectra in the self-similar model of turbulence (α = 1/3). Both values are significantly shallower than the behavior observed in our simulation.
One important question that arises here is whether the zdirection maps correctly the parallel direction of the (local) mean field that is the relevant framework with respect to which the spectral anisotropy properties are supposed to be valid [7, 30, 47, 53, 81, 82] . To this aim, the scale-dependent anisotropy can be computed using a multi-point second order structure function (S F 2 ) calculated in the local frame. Since the slope of the fluctuations is near −3 in the sub-ion regime, the usual 2-points second-order structure function is not suitable to study spectral anisotropy at such scales and multi-points second-order structure functions must be used [82, 83] . Here we use the 3-and 5-points, defined respectively as SF Fig. 3 reports the structure functions for the magnetic and the density fields measured in the local frame defined by the parallel to the local mean B L directionl = B L /B L (dash-dotted lines),λ (solid) the normal to the local mean and the fluctuation δB direction, and ξ =l ×λ (dashed) which completes the reference frame. As expected the 2nd-order structure functions are more energetic in the perpendicular component: for separations smaller than about d i they follow approximatively a power-law whose index m − 1 correspond to a spectral index m = 2.8, not far to what observed in Fourier spectra. The important result here is however related to behaviour of the direction parallel to the local field, which follows the same power-law as the perpendicular counterpart, shifted roughly by a factor of five to larger scales. The results is quite robust being almost the same for both the 3-point and 5-point computed SFs and confirm that, in this simulation where a relatively strong mean field is present, global spectra reproduce the spectral anisotropies at local scales.
The SFs here reported are computed using the fields once the filtering procedure has been applied in Fourier space: In the same figure (dotted-lines) are also reported the SFs calculated without the filtering to show how the noise affects the computation of the SF. Although strongly localized in Fourier space, i. e. at small scale, the noise impacts significantly SFs over a much larger interval in the separation scales and it is stronger as the statistic used for the SFs increases. The reason lies in the fact that the high-k noisy modes behave as white noise which in each point i introduces a random fluctuations ±δ f in the computation of the SF 2 ( f ) of the quantity f : the last, being ∝ i f 2 /N (N is the number of points used for the statistics), is polluted by the noise roughly as < δ f 2 > / < δ f 2 > ∝ N. We have verified that it is indeed the case in this simulation. It should be noticed also, that such result is consistent with Arzamasskiy et al. [74] in which a spectral anisotropy scaling as k ∝ k ⊥ with respect to the local mean field was observed in analogous hybrid kinetic simulations by using a different techniques based on Fourier space filtering.
IV. DISCUSSION
Both the global analysis with Fourier spectra and that based on 2nd-order structure functions in the local magnetic field frame show that the scaling of the spectral anisotropy is significantly less than what expected from current theories of turbulence at sub-ion scales. In particular the anisotropy tends to become frozen once ion scales are reached. It is worth underlying that although the growth of the spectral anisotropy is reduced, the 2D Fourier spectrum of the magnetic field shows that the non-linear energy transfer happens in the perpendicular direction and is only advected along the parallel direction, thus suggesting that, like in the standard model of the critical balance [43] and in RMHD models of MHD turbulence [84, 85] , the non-linear energy transfer time-scale is bounded by the decorrelation time which turns out to be that of the linear wave-propagation time.
A possible interpretation of the results follows and extends the arguments of Boldyrev and Perez [69] based on the presence of intermittent features [86] localized in a 2D space normal to the local mean field. Building on that argument, let us assume that at the scale λ, the energy density B 2 (k ⊥ ) fills only a fraction λ α ∝ k −α ⊥ of the space. In this case the energy density scales as
⊥ ; then, using the standard expression for the non linear time τ NL ∝ 1/(k 2 ⊥ B(k ⊥ )) at sub-ion scales [e. g. 50] and requiring that the energy flux is conserved through the scales, E(k ⊥ )/τ NL ∝ k 0 ⊥ , the power spectrum follows:
and the magnetic fluctuations follow a power law given by
The requirement that the non linear time is bounded by the decorrelation time, assuming the latter given by dispersive modes [e. g., 82], requires l ∝ λ/b λ or k ∝ k ⊥ b(k ⊥ ) from which the spectral anisotropy is
For α = 0 one recovers the standard −7/3 and k ∝ k
1/3
⊥ , while taking the filling factor proportional to λ (α = 1) Boldyrev FIG. 4 . Sketch of the filling factor scaling in Boldyrev and Perez [69] (top) and the generalised scaling proposed in this work (bottom) and Perez [69] found P ∼ k −8/3 and a reduced anisotropy k ∝ k A possible physical interpretation of such a result is illustrated in Fig. 4 : in the plane perpendicular to the mean field, a structure has typically two characteristic lengths l ⊥1 and l ⊥2 . In the model of Boldyrev and Perez [69] (top panel) only one characteristic length (say l ⊥1 ) changes with the scale, so that the filling factor reduces linearly as l 1⊥ . However if the two characteristic lengths are correlated (for example if a specific aspect ratio of these structures is set as a function of their size) both will change with decreasing scale and the associated filling factor is reduced by a factor l 1⊥ l 2⊥ ∝ l α ⊥1 with α > 1. In the special case that the aspect ratio is the same irrespective of the scale, we have l ⊥2 = Cl ⊥1 and α = 2; in this case the power-law spectrum will scale as k (valid only if α 1 when the second perpendicular dimension has a meaning) from which E ξ ∝ ξ (4+α)/3(α−1) . If α = 2 also the spectrum of the second perpendicular component follows the same power-law, which is also in agreement with our simulation; however in this case it is not possible to discriminate from other models where both perpendicular components are equivalent.
V. CONCLUSION
We have analized the spectral anisotropy properties of turbulence in a high-resolution hybrid 3D simulation. The setup of the simulation is close to that of the simulation discussed in [73] except for the resolution at small scales: here the grid step has been chosen 4 times smaller than previously to better cover the sub-ion scales where our analysis is focussed. The global spectral properties at sub-ion scales are very similar to what already observed: a slope steeper than −7/3 and −8/3 predicted by wave and intermittent based models, consistent with what observed in the solar wind and planetary magnetospheres and to what already observed both in 2D and 3D simulations [20, 23, 65, 72-74, 87, 88] .
The main aspect investigated in this work is that in the global frame, both the parallel and perpendicular spectra show the same scaling after the ion break, with k −3 . This picture has been confirmed further by performing a local analysis, by means of multi-point SFs, suggesting that in the simulation the aspect ratio of the turbulent fluctuations at sub-ion scales is maintained approximately constant. We have then proposed a model, based on a generalization of the one by [69] , in which the spectral slopes (and thus the spectral anisotropies) are related to the nature of the intermittent structures that populate the turbulence at small scales and how they fill the total volume.
This result is in favour of a model where intermittency driven by 2D structures in the plane perpendicular to the main field plays a dominant role in determining the spectral properties at kinetic scales; such structures should have two characteristic lengths that both reduces with decreasing the scale and in a way that satisfies a specific aspect ratio, which can also be scale-dependent. One possibility is that the turbulent cascade is strongly mediated by magnetic reconnection events where the aspect ratio of the current sheets is the important parameter that sets the efficiency of the reconnection process [e g. [89] [90] [91] [92] [93] [94] [95] . We have already shown in Franci et al. [79] and Papini et al. [65] that the formation of a sub-ion range in 2D simulations is strongly correlated with the emergence of reconnecting events between larger scale MHD vortices. Moreover it has been shown that current sheet disruption can have consequences on the spectral properties both at MHD [76, 77, 96, 97] and kinetic scales [75, 78] . Our present foundings seem to support this scenario. Solar wind observations [e. g. 13, 98] show that the magnetic (and density) fluctuations converge toward a −2.8 scaling at smaller scales, a behaviour also well captured by high resolution 2D simulations [20, 23, 87] . In the framework of the model presented in this work, this corresponds to α = 1.4, implying that the aspect ratio of the structure is not selfsimilar but depends on the scales. In this case it is expected that the spectral anisotropy in the sub-ion range will moderately continue to increase as k ∝ k 0.8 ⊥ and the parallel spectrum will follow a −3.1 power law.
Although measurements of the spectral anisotropy are possible in the solar wind and have been performed in the inertial range [7, 47, 48] , this aspect has been more scarcely addressed at kinetic scales in part because of observational constraints.
Spectral anisotropy in the sub-ion range has been discussed by Chen et al. [99] using Cluster measurements and using twopoints II order structure functions. They found that the perpendicular spectrum was steeper than the theoretical −7/3, but that the spectral index in the parallel direction was less steep than that expected by standard wave-mediated turbulence and close to −3. We note that these values are consistent with the predictions from our model discussed above. However, as discussed by the authors, one should be careful in interpreting the slope of parallel spectrum, since when using 2-point 2nd-order SFs the resulting spectral index is limited to −3. Indeed, as discussed in the introduction, a slope steeper than −7/3 in the perpendicular spectrum, combined with the critical balance condition and without intermittency would results in very steep parallel spectrum and large anisotropies at small scales. For example a −8/3 scaling will give k ∝ k 1/6 ⊥ and a parallel spectrum ∝ k −11 . In the near future, to disentangle from such models will require multi-point, multi-scale analysis space missions as it has been proposed in the Plasma 2020 Decadal Survey [100] [101] [102] .
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